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ABSTRACT

Parallel fields of planes were used by Patterson (1953) to characterize Kaehler manifolds, and Sasaki (1960)
predicted differentiable manifolds having specific structures that are intimately associated with almost contact
structures. Additionally, the conformal symmetric tensor of Kaehlerian manifolds was discussed by Negi and
Sulochana (2021). We obtained an almost contact metric structure on an odd dimensional sphere in this article.
Again, we discover the submanifold of the virtually contact metric manifold in the metric compound structure
and the odd-dimensional sphere.
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I. INTRODUCTION

Let (M, F) is an n-dimensional almost contact metric manifold where F is the nearly complex structure and M
is an almost contact metric structure. The components of K and F with regards to alocal coordinate system
(xa) were now represented by the notation M, and Fje If the identity tensor is indicated by I =(8,9).
then the structure satisfies the equations

F:= —I;, F/F;* =—4,°, (1.1)
As well as
FGF=G:F F G, = Gu. 1.2)
If we put the covariant components of F as
F #= GF 1= Fy*Ga, (1.3)

Then A and p are skew-symmetric in Fyu. If we suppose that an m-dimensional Riemannian manifold M is
immersed isometrically in M, we can use the parametric equations

x2 = x(yh). (1.4)
Now, using a local coordinate system (y*) of M.
Assume this:

B# = duxs, (1.5)

The n vectors B and Cq, span the tangent space (M) of K at every point of M, where Cse [ is mutually
orthogonal unit normal vector fields of M. Thus,

B = (Bz?) = (B& Cg9).
Therefore, the metric tensor g of M is associated with G of K, so
gii = GuB#Bt (1.6)
Taking the contravariant components of g by git, then
B = g"G.Bf.
Cor = Graly™

Consequently, the inverse matrix B™ of B is expressed as follows:
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-1 nh.
B =(Bu)=( 2
pi
Using F = B'FB; we now write
(Fed) = (BeiF2B4;) = fit—v (Ve fqp] (1.7
Next, the constitues of the four types of F are provided by

fi" = B/ F3°Bhy, vo = —C,*F;°Bh,,
v =BiFeC | f = C4iF oC .

pi i A pa gp g 4 pa
Assuming that F*= (F,) is skew- symmetric,
Vpi = Vo hGin. (1.8)
Observe that
fj: = B/B#F ja. (1.9)

Is skew-symmetric in i and j, and
fop = Ca"CpaFig (1.10)

Where p and q are skew-symmetric. Thus, a (1,1)-tensor, m vector fields, and (I — 1)2 scalar fields on M
are composed of the sets f = (fih), v = (vgh) and fL = (fqp).

The normal vectors C,e and the tangent vector transforms B« in M by F are now shown as follows:

FeBi= fhp o+ a (1.11)
A i i h pi p

and

Fi°C,* = —v"By® +

fanCo® (1.12)

Ontheirownrangem + 1, m + 2, ..., n, we use the sequel summation technique to repeated lower indices p, g,
7, ... Then, the matrix (1.7) satisfies the equation,

F? = —I, Meanwhile, the quantities f, v and f+ are in the relation

fifi = =6+ veveh. (1.13)
fiVei = —Vgifap = fraVa: (1.14)
Vr:f:'h = - f‘mvuh- (1 -15}
ff =-6 i . (1.16)
rq qp moropl

The relation (1.6) is equivalent to,

fiefi*Gan + VaiVai = Gii. (1.17)

Let an m-dimensional Riemannian manifold M admitting a metric tensor g and removing the almost contact
metric manifold M than, (1,1)-tensor field f, m vector fields v, and I(l — 2)2 scalar fields

fqp satisfy the relations (1.13),(1.14), (1.15), (1.16) and (1.17). Accordingly, the metric compound structure
on Mis (f, g, v, fb).
We consider that,

h o _—yoh

F=( “Yand G = (
pi qp

g 0
n & )
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Then the set (F,K) defines an almost contact Metric structure in the [ — dimensional Euclidean space R!
and the product space M X R! of the manifold M.

Il. ON ALMOST CONTACT METRIC MANIFOLD IN METRIC COMPOUND STRUCTURE

Theorem 2.1. Let f and g constitute an almost contact metric structure (f, g, é,n) on M and (f, g, v, f4) be a
metric compound structure on M, then its necessary and sufficient that fL and gt constitute an  almost
contact metric structure (f+, g+, v) on R! at every point of M.

Proof. Assuming that the metric tensor g, the tensor field f, and an approximately almost contact metric
structure on M are composed of a covariant vector field n = (1;) and a contravariant vector field & = (¢#), then

fift=—8r+ n & (2.1)
i i I I

[ =0, fifm =0, (2.2
and

fifigen + nm: = gjs. (2.4)

We know that the dimension m of M is odd and the rank of f = (f; ) is equal to m —

Comparison (1.17) with (2.4), we get

vy =1n71. (2.5)
qj qi ji

The Above equation shows that the product of the matrix (v4;) with the transpose is of rank 1 and so that the
matrix (vq:) by itself is of rank 1.

Vai = Uglli (2.6)

Where v, are proportional factors. Since

VaiVg' = 1§t =1,

Ugug = 1. (2.7)

The equations (1.15) and (1.16) are reduced to

Fapp =0, (2.8)
and
frafap = —6rmp + VU, (2.9)

Respectively. For every point of M, where g+ = (64,) and the dimension [ of R! is odd. the set (f+, g+, v)
forms an almost contact metric structure on Rlaccording to equations (2.7), (2.8) and (2.9).

If, on the other hand, the metric compound structure (f, g, v, f*) introduces analmost contact metric
structure (f, g, &,m) on M, we demonstrate that the almost  contact — metric  structure (fL, g+, v) on R!
at every point of M. Then we get.

Theorem 2.2. Let us assume that a metric compound structure (f, g, v, f1) is almost contact metric structure
if and only if the [ vector fields v, are all parallel to one another, meaning that the matrix (vq ?) is of
rank 1.

We have applying this by Theorem 2.1.

Theorem 2.3. If and only if S;i» = 0, then let (f, g, v, f+) be an almost contact metric compound structure on
M and let (f, g, & n) beanalmost contact metric structure on M. Thus, Nijenhuis tensor is vanish.

Proof. The Nijenhuis tensor of the metric compound structure (1.18) in M X R! is defined by taking dq4 as null
operators and

Representing d; = d0y/.
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s a=Ff@r* 4

B ¢ EB — 0sFr)
E A A
— Fp (0gF¢ — O0cFg ).

Using (1.18), we can write down Scg4 as the followings;

lon ok h i h

Si=fi@ufi — 81" — fi (" —
h

aj’fi ) +Vjsaa'1"5h - Visafvsh:

1 I
Siip = [ (@wpi— 0:vp) — fi (O1vp;j—
ajvpi) _Vjsaifsp + Va’sajfsp:
St = — flaw + vol(aif" —
dqu)+{javqn_ g (0if

il Eqrs is
Sigp = fi Otf qp+ Vg (@1vpj— Ojvpr) +
quajfsp:

h
Srgqp = — VOifgp + Vg'Oifrp. (2.10)

Consequently, the above mentioned expressions are simplified to the metric compound structure (f, g, v, f+)
which yields an almost contact metric structures

(f,g,¢,m)on M and (f*, g4, v) on R
S = f @ — afM
= f@if > — 9;f)
+tnodst—nadéy
°, 2
Sip = [f(@m: — dap) — fiOm; —

a}'ni)]vp + Uj:ni - f ft?]'j)aiup + (njafus -
N:0V:) f s,
Sia = [EOUf " — 0;f ) — f10:8"Tvg —
(f/0wq + fos0,us)EM,
Sigp = (§'0m; — &'om)vguy +

1 {
(i€ Oy — OV Vg + [ 0if o +

quajfsp:

Srg" = (Urdl0wg — velowr)Eh,

S =—wé&af +vidaf ., (11)
rpg r lagp g Lrp

Because vqus=1and vqsdjvq = 0.
Now, the Nijenhuis tensors of the almost contact kaehlerian structure (f, g, &, 1) are given by ([4])
I h h l h
Ni" = Fi@if' = aufi") — fi (Buf " —
9;f ") + ;08" — 1:8;E",
Nj = fi*(@m: — 9m) — fi(@m; —

oM.
Nt = &(0if i — 9;f) — f,lauh,
N; = &am;— &am. (2.12)

Comparing (2.11) with (2.12), we have the equations
Ntr=S2N =5 v.
it it jiip p
Nj* = Sjg"q Nj = SjgpUqUp. (2.13)
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Thus, we drive the following from (3.4).

I1l. SUBMANIFOLD OF ALMOST CONTACT METRIC MANIFOLD IN ODD-DIMENSIONAL
SPHERE

A pseudo-umbilical submanifold of an even-dimensional Almost Contact metric manifold M*** that satisfies

22+ 12 +v* = 1 with (f, g, u, v, w, A, y, v) structure, where a sphere and a complicated cone with a generator

intersect.

Consider a (2n — 1)-dimensional Riemannian manifold M**that  is isometrically immersed in S%*
by an immersion i: M ' — $%*! and covered by a system of coordinate neighborhoods {V; y4}.

Assume that
B =9 xh, 8 = a/dy°

c c [
Let D» and Er be mutually orthogonal unit normal to S**!, and let each B ¢ * is a 2n- 1 linearly
independent vector of S$*'!tangent to M*. let g, represents the component of the induces metric

tensor of M*»", then g.» = g,iBJB.
After the transform of

B/.J and EJ by f*,

c i

We have
fhBi = feB* + v D* + w E&,
Fi c c

[ [ a
{ f*D/=—veB" — AE", (3.1)
Ih J a %1 . n
fiE =—w Ba+AD ,
Where fce indicates the components of a tensor field of type (1.1) in M 2n—1and u. v. and w. are 1-
forms associated withus, v and we respectively. The vector field ut is entered as follows:

h  a h h h
u =u By +uD +VE . (3.2)

Both u and v are functions in M Y since ua is a vector field,.

Using the operator fF in (3.1) and (3.2)
respectively, then

fefe=—6+u ut+v v° + w w
be b b b b
(3.3)
fFour = pv® + vwe,
{fove = —pu® + Awe, (3.4)
JEQWQ = —1us _‘er:a,
Or
U ¥=—uv —vw, v I¥=uu —
e c [ c ec c
AW, W T* =VU + AV,
e C [ c
uuf =1 —p2 —viuwe = -y,
§OUWS= ALY V=1 — A5 — e
e g
v wWe=—uv,w we=1-— 42— v
€ &€
3-5)
Since f = fog is skew-symmetric.
cb c ba
fefig =g —uu —VV —WW.

¢ b ed ch c b c b c b

The equation of Gauss for M** can be written as follows, representing the operator V. for the vander
Waerden- Bortotti covariant differentiation:
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V.BE = kDt + LpER, (3.6)

Where k., and I, are the second fundamental tensors with respect to D and E*, respectively.
The equation of Weingarten are given by

VoD = —kiB" + 1 EF, (3.7)
c c
V.Eh = —I2B: — LD, (3.8)

Where kc= keog®.lb = 1g®, (g%) =(gw), L

being the third fundamental tensor. The normal bundle if [. vanishes identically. After that, the Gauss
equation is obtained from (1.2) by

Ke = Sag,, —&eg + kek — kok
dch ﬂ:gb C‘gdb d cBb c bd

+ 18l — 181 4.

Considering (1.5), (2.2), (2.6) (2.7), and (2, 8), and differentiating (2.1) and (2.2) covariantly along
M?**, we have

V fe=—g uct+ fouw + kovr —

b c be h ¢ h ¢
a a

kbcv + Eb Wy — Echg’_. (3 .9)

Vb Ve = —pigpc + Alpe — kbafca + we,
(3.10)

Vwe = —vgse — Ak — lpafe' — lpVes
(3.11)

Vyu? = fe + uk® + vi® |

b b b

VA = KiWa — LoV,

Vet = v — kpau® + Vi,

Vv = wp — lpgu® — plp. (3.12)

Theorem3.1. An even-dimensional Almost contact metric manifold M*" with a pseudo-umbilical
submanifold M*** whose (f, g, u, v, w, A, u, v)- structure satisfies A2+ uz +v>=1. Then, a complex
cone with a generator as a normal vector intersects a sphere at M*7*,

Proof. Consider that an almost contact metric structure (fy% g, u®) is admitted by M%7t which is
defined by

fsfz_! = —é‘; +ubuﬂ: (3.13)
Ugus = 1. (3.14)
Using (3.3), (3.5), and (3.13), we get
(1—A—p2)+(1—-4A2—v2)=0. (3.15)
Equations (3.5) and (3.14) indicates that
p=0v=0. _ _ (3.16)
Putting (3.16) into (3.15), then

Az =1 (3.17)

By (3.5), Adding equation (3.16) and (3.17), then

e = 0,we = 0. (3.18)
Equations (3.9) and (3.12) implies that
|.rl_ |.'__'. |-..'I-. '._ll |'
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Thus, a sasakian structure is expressed by the structure
(feg .u9)

€ ch
Hence, we get:

Theorem 3.2. An odd — dimensional submanifold M* ™ of a sphere $°»* of codimension 2. As a submanifold
of codimension 2 of an Almost contact metric manifold M2 is pseudo-umbilical. If 2n — 1 is minimal.

Proof. By substituting (3.16) and (3.18), we obtain

RE&{_‘: - k&gf? - 0_,

Now, using (3.17), and contracting the previous equation with respect to b and c,
I =0, (3.19)

Since, ks are symmetric and f, is skew- symmetric with respect to b and c. Using (3.11), (3.16), (3.18) and
(3.17),

k3 = 0. (3.20)

Therefore, the mean curvature vector is certain by
H& _ | A].I.ll'.l':\:ﬁ_':
=1 .

= - 1L 4 PR

dno 1

Using (3.19) in (3.20), then we have Hh = 0, The above expression indicates that M** is a minimal
submanifold.
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